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Local extremes
If If F has a local maximum

or minimum at la b then

Fx a b 0 and Fy la b 0

Rick i e F la b 0

Deflf of a b 0 we call la bl a critical
Point of f

sup ÉiaÉ ÉÉcriÉÉlpoint off i.e F.la b 0 and Fylab 0

Set D Dla b Fxx a b fgy a b Fxy a b

a If D O and Fxx a b 0 then f a b local min

b If D O and Fxx a bkO then f a b local maxi
C IF 0 0 then Fla b is a saddle point of F

Rk If 0 0 the test gives no information

1
D ffj.fiy Fxxfgg lFxy








































































































fin
continue cats max and

Ibsix an abs min on a b

is
we find them by evaluating
F on critical points AND on endpoints93s

D closed set in IR To find abs max min values

i.e contains boundarypts of f on a closed bounded D
bounded set contained in some disk

Find values of f at critic
doisi Eestiosed Its I

Find extreme values on

continuous on a closed bended Dark the boundary of D
attains an abs max value Flx Yet largest of D abs ma

and an abs.min.ua ueFlxe y at some smallest of abs min

Joints in D








































































































Lagrange multipliers one constraint here F attains
Problem a maximum on C

find extreme values of F x.gl off

subject to constraintglx.gl k

level curves glayl k and f ixg 5 touch at 1 0Yo
Of X Yol Ltg XoYo

a number Lagrange multiplier

Method I Lagrange multipliers
To find maximum minimum values of f x y

subject to constrain g ix g K
Find all values of x y h such that f gx

VFlx.yl XTglaylffy tgy
gix.g k

evaluate f at all points found in a

maximum largest value of f
minimum smallest








































































































Lagrange multiples with constraints
Loblem find min max values of f x y Z subject to

two constraints glay zl k ry

surface hix.gzteydefineacurveCglxigiztf
IfatPlxo.Yo Zo on C

F has a min or max then

directional derivative
D F 0 D f of

where T is the unit tangent
surface hlx.y.tl c vector along C at P

So VF XoYo Zol is orthogonal to P
Of
p
lies in the plane orthogonal to C at P

This plane is defined by rglxo.jo Zo and Ph XoYo Zo
Therefore

OF Xo Yo Zo XVglxo.jo Zo Mth XoYo Zo
Two Lagrangle multipliers




























Method I Lagrange multipliers

To find maximum minimum values of f xY Z

subject to constraints g ix y Z K and hing z c

Find all values of x y Z h M such that

F gx Mhxof x y z XTglx.fi MthtxiYttIfy xgy Mhyg ix y Z k
h x y 71 C F Xg Mhz

evaluate f at all points found in a

maximum largest value of f
minimum smallest



f flxylda fggE.fi ythgAgffolume
of a solid that lies

above the rectangle general region
and below the surface z fix.gl

ay at
1if at 5th.fitg g tone

t R
Y

the.int lilssffixylda fixyldydx 1 flx.yldxdy

2ⁿᵈ ceyedg.aexeb
D
h.ly exehilymy g may 9th 5 Eg Lng

D c region of

type I

d hilyl

If flagidayflxyldxdyssflxyldaffflx.gldydx Is



True False Quiz



trueFalseQuits
1 IF a function has a local maximum at apoint then its gradient
must be zero at that point
2 To find the absolute max min of a continuous function on a closed
and bounded region it is enough to check only the criticalpoint
inside the region
3 The method of Lagrange multipliers can find both maxima and
minima on a bounded region

4 If of XPg at apoint then the value at that point must be
max or min of f under the constraint g x y

0

5

flagidydx Fix.gldxdy

6 A double integral always gives the volume under the surface
z flx.gl

7 Let D be any region in theplane
whoseprojection onto the x axis is a b

hen Iflxie dA Ivey length of the verticalslice of D at x dx



Quiz Answers



1 IF a function has a local maximum at apoint thenTIFf.IE must be zero at that point TRUE

2 To find the absolute max min of a continuous function on a closed
and bounded region it is enough to check only the criticalpoints
inside the region FALSE

must also check the boundary
The method of Lagrange multipliers can find both maxima and
minima onregionlounded FALSE

I subject to a constraint which can be seen as a blades
of some region

The method of Lagrange multipliers can be used to find max min

on the BOUNDARY of some region but does Not give information
about the points inside the region
I If oF XTg at apoint then the value at that point must be
max or min of f under the constraint glay 0

FALSE

It also could be a saddle point



FALSE5

I flagidydx flxgldxdy
thisiatnumber th.is some function A x

6 A double integral always gives the volume under the surface
z flx.gl FALSE

This is true only when Efo
7 Let D be any region in theplane whoseprojection onto the x axis is a b

Then If Fix dA fix length of the verticalslice of D at x dx
TRUE

indeed If FINDA ffydx fixillxide

4
É yfix P x P x1 f x fix fix

pint
sinie fix does NOT depend on y H

a x b Bk it is important that we integrate fld
here NOT flx.gl



Few more problems



1 Find the volume of the largest rectangular box in the 1stoctant
with faces parallel to xy yz xz planes and one vertex

in the plane try 32 6

2 sketch the region D and rewrite fflx.gl dA as

If fixgldxdyorffflx.gldydx
where the region D is given by
a D ix yl 1 1 x z yet
b D ix y to exert eye sinx

c D lx.gl 1exe6,14 xe5yeee ux

d D lx.gl 1 cxe2,2 x ryet IxT



Solutions



1 Find the volume of the largest rectangular box in the 1ˢᵗ octa
with faces parallel to xy yz xz planes and one vertex

in the plane try 32 6

za r 11 z 52k Volume x y Z

ix y.tl Volume fixy xy
y We want to maximize f in

pane
my

D tx.gl y y
2 fxlnyl yo ftbxyfylnghxo.ttExy

16251 0

6
541

no or 9 0 on the boundary of D

6 2x ry o

6 x uy
9 3 3 y

34 3

2,11 critical point in the interior of D

F 2 1 2.1
T.gg



Yn on Le fly 01 0 OE EG

on h flag o eye
L1

on Ls
p 3

6 24

Flaglexy
2
bryly

6 16
3
8

0

Abs max F 2,1 box of size 3 1

2 sketch the region D and rewrite fflx.gl dA as

I fixyldxdyorfffix.gldydx where D is given by

a D ix yl 1 1 X 2 YET
b D ix yl 10 EXIT eyesinx
c D lx.gl 1EXE6,14 XE5yeee ux

d D lx.gl 1 cxe2,2 x ryET IxT



Sof 129 0 y EY may

yes x J
Lr

3 y

fffing dA fixing dydx

fix.ly dxdy FFixyldxdyDevDz
D

yldA Sffixylda

yr

i
9 0

x
430

1

xs.ge 3 y
4 1

y o y r



2b yn
sffix.yldA

ffhfixyldydxY.EE

É x fingidxdy

On 0,1 sinx y at x aresinly and x t avisinly 1

2C

Sffixylda fixyldydx
g
44
11

y 7

D
sy x 14 j fnpdxdy fhgldxdy

y 3



adl D lx.gl 1 cxe2,2 x ryet IxT

1 x 2 2 30 y 30

YEANT
yo

8st mar yikes's
yo y so

Eritgle

2 Y x y

y

I I
SfFlxyldA

fixyldydxnix.ity

fÉf fix.gldxdykep 1 y
x.ee


